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We demonstrate that the Global Entanglement (GE) measure dened by Meyer and Wallah, J.
Math. Phys. 43, 4273 (2002), is maximal at the ritial point for the Ising hain in a transverse
magneti eld. Our analysis is based on the equivalene of GE to the averaged linear entropy,
allowing the understanding of multipartite entanglement (ME) features through a generalization
of GE for bipartite bloks of qubits. Moreover, in ontrast to GE, the proposed ME measure
an distinguish three paradigmati entangled states: GHZN , WN , and EPR
⊗N/2
. As suh the
generalized measure an detet genuine ME and is maximal at the ritial point.
PACS numbers: 03.67.Mn, 03.65.Ud, 05.30.-d
Entanglement is a orrelation of exlusively quantum
nature present (in priniple) in any set of post-interating
quantum systems [1℄. As suh multipartite entanglement
(ME) is expeted to play a key role on quantum phase
transition (QPT) phenomena in the same way that (sta-
tistial) lassial orrelation does on lassial phase tran-
sitions [5, 6℄. In ordinary phase transitions, at the ritial
point, a non-zero order parameter haraterizes a long
range orrelation (given by the orrelation length diver-
gene). In the same way, in QPTs it is expeted that
ME be maximal at the ritial point, in the sense that
all the system parties would be entangled to eah other
[5℄. However, this onjeture ould not be proved in gen-
eral neither by measures of pairwise entanglement nor by
the proposed ME measures. Even after a onsiderable
eort, a deep understanding of multipartite entangled
states (MES) is laked. It is still a great hallenge thus
to apture the essential features of genuine ME, from a
oneptual point of view, as well as from a quantitative
approah, dening a measure that among other proper-
ties be able to distinguish MES [2, 3℄.
Indeed, onerning the legitimate quantum orrela-
tions in QPTs it would be ertainly important to know
exatly what kind of entanglement should we expet to be
maximal at the ritial point. The great majority of ef-
forts trying to answer this question made use of two kinds
of bipartite entanglement measures, both alulated for
spin-1/2 lattie models suh as the Ising model in a trans-
verse magneti eld [4℄. The rst one, namely the pair-
wise entanglement (onurrene) between two spins in
the hain, was studied by Refs. [5, 6℄. The seond
one, the entropy of entanglement between one part of
the hain (a blok of L spins) and the rest of the hain,
was investigate by Refs. [5, 7, 8℄. Some andidates of ME
measures were also evaluated in systems exhibiting QPTs
[9, 10, 11℄. Nevertheless, none of the entanglement mea-
sures employed in the above referenes are maximal at
the ritial point but the single site entropy for the Ising
model [5℄ in the thermodynamial limit and the Loaliz-
able Entanglement [11℄ for an Ising hain with 14 spins.
Furthermore, in Refs. [5, 6℄ the authors have indepen-
dently shown that bipartite entanglement vanishes when
the distane between the two spins is greater than two
lattie sites [12℄. This is not expeted sine long range
quantum orrelations should be present at the ritial
point. It was then suggested that bipartite entanglement
at the ritial point would be dereased in order to in-
rease ME due to entanglement sharing [5℄. In other
words, ME only appears at the expense of pairwise en-
tanglement and at the ritial point we should expet a
genuine MES.
In this paper we demonstrate that the Global Entan-
glement (GE) introdued in Ref. [13℄ indeed aptures the
essential point to be maximal at the ritial point for the
Ising model in a transverse magneti eld in the ther-
modynamial limit. We also prove that there exists an
interesting relation among GE, von Neumann entropy,
linear entropy (LE), and 2-tangle [14, 15, 16℄, showing
that they are all equivalent to detet QPTs. Furthermore,
this relation helps us to understand the results obtained
in Ref. [5℄, as outlined in the previous paragraph, and
suggests that they are not partiular to the Ising model
but ommon to all MES with translational invariane. In
addition to this, we generalize GE and propose a new ME
measure, whih is also maximal at the ritial point for
the Ising model, an detet genuine MES, and ontrary
to GE, furnishes dierent values for the entanglement of
the GHZN , WN , and EPR
⊗N/2
states, thus being able
to distinguish among MES.
For a N qubit system (spin-1/2 hain) it was notied
that GE is simply related to the N single qubit purities
[16, 17, 18℄ by
E
(1)
G = 2−
2
N
N∑
j=1
Tr(ρ2j ) =
1
N
N∑
j=1
SL(ρj) = 〈SL〉, (1)
where GE is here on identied as E
(1)
G , ρj = Trj¯{ρ} is
the j-th qubit redued density matrix obtained by traing
out the other j¯ qubits, and SL(ρj) =
d
d−1
[
1− Tr (ρ2j
)]
is
the standard denition of LE. This relation shows that
E
(1)
G is just the mean of LE. It was also notied in Refs.
2[16, 19℄ that
E
(1)
G =
1
N
N∑
j=1
τj, rest = 〈τ〉, (2)
where τj, rest = C
2
is the 2-tangle [14, 15, 16℄, the
square of the onurrene C [20℄. Both LE and the 2-
tangle an thus be used to quantify the entanglement
between any blok bipartition of a system of N-qubits.
(They quantify the entanglement between one qubit j
and the rest N − 1 qubits of the hain [16℄.) The proof
of (2) is based on the Shmidt deomposition [21℄, whih
also allows us to use for pure systems the redued von
Neumann entropy, SV (ρj(j¯)) = −Trj(j¯)
[
ρj(j¯) logd(ρj(j¯))
]
,
as a good bipartite entanglement measure [22℄. Here
d = min{dimHj , dimHj¯} and dimHj(j¯) is the Hilbert
spae dimension of subsystem j(j¯). Realling that SV is
bounded from below by SL and employing Eqs. (1) and
(2) we obtain the following important relation
E
(1)
G = 〈τ〉 = 〈SL〉 ≤ 〈SV 〉, (3)
whih states that GE is nothing but the mean LE of sin-
gle qubits with the rest of the hain. Furthermore, GE
is also equal to the mean 2-tangle and a lower bound for
the mean von Neumann entropy. An immediate onse-
quene of this result shows up when we deal with linear
hains with translational invariane. This implies that
〈SL〉 = SL(ρj) and that 〈SV 〉 = SV (ρj). Hene, Eq. (3)
beomes E
(1)
G = SL(ρj) ≤ SV (ρj). Sine SL(ρj) and
SV (ρj) have the same onavity and both entropies at-
tain their maximal value for a maximally mixed state this
last relation shows that E
(1)
G is as eient as the linear
and the von Neumann entropies to detet QPTs. In Ref.
[5℄ the authors used SV and in Ref. [9℄ E
(1)
G was em-
ployed to detet QPTs in the Ising model. Needless to
say, both works arrived at the same results for a given
range of parameters via, notwithstanding, dierent en-
tanglement measures whih by that time were thought
to be unrelated.
Despite its suess to detet the Greenberger-Horne-
Zeilinger (GHZ) state [19, 23℄, E
(1)
G sometimes fails
for distinguishing dierent multipartite states. This is
best understood if we study E
(1)
G for three paradig-
mati multipartite states. The rst is |GHZN 〉 =
(1/
√
2)
(|0〉⊗N + |1〉⊗N), where |0〉⊗N and |1〉⊗N rep-
resent N tensor produts of |0〉 and |1〉 respetively.
The seond is a tensor produt of N/2 Bell states [18℄,
|EPRN 〉 = |Φ+〉⊗N2 , where |Φ+〉 = (1/
√
2)(|00〉 + |11〉).
This state is obviously not a MES. Only the pairs of
qubits (2j − 1, 2j), where j = 1, 2, ..., N , are entangled.
Nevertheless, for both states E
(1)
G = 1. The last one is
the W state [2℄: |WN 〉 = (1/
√
N)
∑N
j=1 |00 · · · 1j · · · 00〉.
The state |00 · · ·1j · · · 00〉 represents N qubits in whih
the j-th is |1〉 and the others are |0〉. As shown in Ref.
[13℄, E
(1)
G (WN ) = 4(N − 1)/N2.
We now present a generalization of GE. The main fea-
tures of this new approah are three-fold. First, it be-
omes lear that we have dierent lasses of ME mea-
sures, where E
(1)
G is the rst one. Seond, the rst non
trivial lass, E
(2)
G , furnishes dierent values for the three
states onsidered above Third, it gives new insights in
the study of QPT and ME.
In order to dene E
(2)
G we need the following funtion
G(2, l) ≡ 4
3

1− 1
N − l
N− l∑
j=1
Tr
(
ρ2j,j+l
)

 , (4)
where ρj,j+l is the density matrix of qubits j and j + l,
obtained by traing out the otherN−2 qubits. The index
0 < l < N is the distane in the hain of two qubits and
4/3 is a normalization onstant assuring G(2, l) ≤ 1. Of
interest here are two quantities that an be onsidered
ME measures in the same sense that E
(1)
G is:
G(2, 1) ≡ 4
3

1− 1
N − 1
N− 1∑
j=1
Tr
(
ρ2j,j+1
)

 , (5)
and
E
(2)
G =
1
N − 1
N−1∑
l=1
G(2, l). (6)
We an interpret G(2, 1) as the mean LE of all two qubit
nearest neighbors with the rest of the hain. Similar in-
terpretations are valid for the others G(2, l). E
(2)
G is the
mean of all G(2, l) and it gives the mean LE of all two
qubits, independent of their distane, with the rest of the
hain [24℄. To dene E
(3)
G we need the funtion G(3, l1, l2)
with one more parameter, sine now we an have dierent
distanes among the three qubits of the redued state. A
omplete analysis of this new ME measure and its use-
fulness to detet MES is disussed elsewhere [25℄.
Table I shows the quantities given by Eqs. (5) and
(6) for GHZN , EPRN , and WN . We note that due to
translational symmetry, G(2, 1) and E
(2)
G are idential for
GHZN and WN . It is worthy of mention that depending
on the value of N , the states are dierently lassied by
G(2, 1). A similar behavior is observed for E
(2)
G [24℄. In
this ase, however, EPRN is the most entangled state for
long hains. The reason for that lies on the denition of
E
(2)
G . For EPRN , G(2, l) = 1 for any l ≥ 2. Thus, sine
E
(2)
G is the average of all G(2, l), for long hains G(2, 1)
does not ontribute signiantly and E
(2)
G → 1.
It is worth notiing that even at the thermodynamial
limit, N →∞, E(2)G and G(2, 1) still distinguish the three
states. However, the ordering of the states is dierent.
As already explained, this is due to the ontribution of
G(2, l), l ≥ 2, in the alulation of E(2)G (EPRN ).
Now we speify to the one-dimensional Ising model in a
transverse magneti eld, whih is given by the following
3Table I: Comparison among the three paradigmati states.
E
(1)
G G(2, 1) E
(2)
G
GHZN 1 2/3 2/3
EPRN 1
N−2
2(N−1)
(2N−1)(N−2)
2(N−1)2
WN
4(N−1)
N2
16(N−2)
3N2
16(N−2)
3N2
Hamiltonian
H = λ
N∑
i=1
σxi σ
x
i+1 +
N∑
i=1
σzi , (7)
where i represents the i-th qubit, λ is a free parameter re-
lated to the inverse strength of the magneti eld, and we
work in the thermodynamial limit. We assume periodi
boundary onditions: σN+1 = σ1. As we have shown, for
a system with translational symmetry GE is nothing but
LE of one spin with the rest of the hain. We only need,
then, LE to obtain GE. For that end we must alulate
the single qubit (or single site) redued density matrix,
whih is obtained from the two qubits (two sites) redued
density matrix. It is a 4 × 4 matrix and an be written
as
ρij = Trij [ρ] =
1
4
∑
α,β
pαβσ
α
i ⊗ σβj , (8)
where ρ is the broken-symmetry ground state in the ther-
modynamial limit and pαβ = Tr[σ
α
i σ
β
j ρij ] = 〈σαi σβj 〉.
Trij is the partial trae over all degrees of freedom exept
the spins at sites i and j, σαi is the Pauli matrix ating on
the site i, α, β = 0, x, y, z where σ0 is the identity matrix,
and pαβ is real. Therefore, all we need are the ground
state two-point orrelation funtions (CFs). By symme-
try arguments onerning the ground state [5℄ the only
non-zero CFs are p00, pxx, pyy, pzz, p0x = px0, p0z = pz0,
and pxz = pzx. Due to normalization p00 = 1 and a
diret alulation gives pxz = pzx = 0 for λ ≤ 1. On
the other hand, the Shwartz inequality neessarily gives
0 ≤ |pxz| ≤ |〈σxi 〉〈σzi 〉|, allowing thus that the lower and
upper bounds for entanglement be alulated for λ > 1.
We plot the upper bound for entanglement by taking
pxz = 0. By ontinuity the true value for entanglement
must show a similar behavior.
Those CFs have been already alulated [4℄ and we just
highlight the main results. The two-point CFs and the
mean values of σx and σz are
〈σx1σxl 〉 =
∣∣∣∣∣∣∣∣∣
g(−1) g(−2) · · · g(−l)
g(0) g(−1) · · · g(−l+ 1)
.
.
.
.
.
.
.
.
.
.
.
.
g(l − 2) g(l− 3) · · · g(−1)
∣∣∣∣∣∣∣∣∣
, (9)
〈σy1σyl 〉 =
∣∣∣∣∣∣∣∣∣
g(1) g(0) · · · g(−l+ 2)
g(2) g(1) · · · g(−l+ 3)
.
.
.
.
.
.
.
.
.
.
.
.
g(l) g(l− 1) · · · g(1)
∣∣∣∣∣∣∣∣∣
, (10)
〈σz1σzl 〉 = 〈σz1〉2 − g (l) g (−l), 〈σz1〉 = g (0), and 〈σx1 〉 = 0
for λ ≤ 1 or 〈σx1 〉 =
(
1− λ−2)1/8 for λ > 1. Here
g (l) = L (l) + λL (l + 1), L (l) = 1pi
∫ pi
0 dk
cos(kl)
1+λ2+2λ cos(k) ,
and l ≥ 1 is the lattie site distane between two qubits.
By traing out one of the qubits we obtain the single
qubit density matrix, whih allows us to obtain E
(1)
G as
a funtion of λ. This is shown in Fig. 1. As a matter
of fat E
(1)
G is maximal (with singular derivative) at the
ritial point λ = 1. For omparison, in Fig. 1 we plot
SV (ρj), whih was already shown also maximal at the
ritial point for the broken-symmetry state [5℄. We em-
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Figure 1: (Color online) Von Neumann entropy (dashed) and
GE/LE (solid) as a funtion of λ.
phasize that these measures quantify entanglement in the
global system by measuring how mixed the subsystems
are. The physial meaning behind studying mixedness
lies on the fat that the more entangled two subsystems
are the more mixed their redued density matrix should
be [9, 18℄. However, in a many-body system there are
many ways in whih one ould divide the global system
into subsystems. The rst non-trivial generalization is
to study LE of two sites with the rest of the hain. Us-
ing ρij we an alulate G(2, l) for the Ising model (Fig.
2). It has a similar behavior to E
(1)
G , being also maximal
(with singular derivative) at the ritial point. This fea-
ture demonstrates that both a pair of nearest neighbors
sites and the sites themselves are maximally entangled to
the rest of the hain at the ritial point. But this is not
partiular to nearest neighbors as shown in Fig. 3, where
G(2, 1), G(2, 15), and E
(2)
G =
1
15
∑15
i=1G(2, i) is plotted.
G(2, 15) is also maximal at the ritial point, indiat-
ing that in a QPT entanglement sharing at the ritial
point is favored by an inrease of all kind of ME. More-
over, Fig. 3 shows that G(2, 15) is only slightly dierent
from E
(2)
G =
1
15
∑15
i=1G(2, i). This is due to the rapid
onvergene of G(2, l) as l is inreased. At the ritial
point liml→∞G(2, l) is 0.675, and thus higher than the
value for GHZN , EPRN , and WN , obtained in the ther-
modynamial limit, indiating thus a genuine MES. We
also remark that besides E
(1)
G , G(2, l), and E
(2)
G being all
maximal at the ritial point, E
(1)
G < E
(2)
G for every value
4of λ. However an interesting hange of ordering for E
(1)
G
and G(2, 1) ours around the ritial point. For λ ≤ 1,
E
(1)
G > G(2, 1), but for λ > 1, E
(1)
G < G(2, 1). Thene
a kind of ME is favored in detriment of the other, de-
pending on the system phase. Also, the fat that at the
ritial point both E
(1)
G and E
(2)
G are maximal indiates
entanglement sharing, suh that all the sites of the hain
are strongly (quantum) orrelated. Of ourse this state-
ment is only ompletely true provided that E
(m)
G is also
shown to be maximal for any 2 < m ≤ N − 1 (all possi-
ble partitions). Furthermore, the fat that G(2, l) always
inrease as l → ∞ at the ritial point suggests a kind
of diverging entanglement length. However its preise
denition demands a areful alulation of the saling of
entanglement suh as in Refs. [7, 9℄. These points are
left for further investigation [25℄.
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Figure 2: (Color online) E
(1)
G (solid) and G(2, 1) (dashed) as
a funtion of λ. Both quantities are maximal at the ritial
point λ = 1.
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Figure 3: (Color online) G(2, 1) (dashed/blak), G(2, 15)
(solid/red), and E
(2)
G (dotted-dashed/blue) as a funtion of
λ. We see that E
(2)
G is slightly dierent from G(2, 15), show-
ing that G(2, l) saturates as l → ∞.
In onlusion we have demonstrated that for an in-
nite Ising hain both E
(1)
G and its generalization, E
(2)
G ,
are maximal at the ritial point. Furthermore, E
(2)
G as
dened here is able to detet genuine ME. We remark
that the behavior of the ME measures here presented for
an innite hain is in agreement with the Loalizable En-
tanglement alulated for a nite (N=14) Ising hain for
the broken-symmetry state [11℄. Yet our results were ob-
tained in a relatively simpler fashion and ould be used
to infer genuine ME for systems where the Loalizable
Entanglement has failed to detet QPT [26℄. Finally, our
results reinfored Osborne and Nielsen [5℄ onjeture that
at the ritial point ME should be high, due to entangle-
ment sharing, in detriment of bipartite entanglement.
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